In this note we show that given a conformally invariant theory in flat space-time, it is not always possible to couple it to gravity in a Weyl invariant way.
Introduction
The purpose of this note is to clarify the difference between the occasionally mixed notions of conformal and Weyl invariance. The conformal symmetry in a n-dimensional (not necessarily flat) space-time is defined as the group of coordinate transformations
which leave the metric g µν invariant up to a conformal factor
For the infinitesimal form of the transformations
the relation (2) leads to the conformal Killing equations
where we used the shorthand notation ∇f = ∇ µ f µ , and we denoted with ∇ the metriccompatible covariant derivative
with Γ λ µν being the Christoffel symbols. In this paper, we focus only on theories with scalars, leaving the investigation of fields with non-zero spin for elsewhere. The infinitesimal transformation of a scalar field with scaling dimension ∆ under the full conformal group can be written in the following compact form
A system is called conformally invariant if the variation of its action functional S[g µν , φ] under the full group of conformal transformations (6) is zero, i.e.
Meanwhile, Weyl rescalings constitute another type of transformations, which are given by the simultaneous pointwise transformations of the metric and fieldŝ
with σ being an arbitrary function. Writing the above expressions in their infinitesimal form as δ σ g µν = 2σg µν and δ σ φ = −∆σφ ,
leads to the following condition for a theory to be Weyl invariant
Note that (6) can be written as
where we denoted by δσφ the Weyl transformation corresponding to the specific value of σ =σ ≡ ∇f /n, and δ d φ is the standard transformation of the scalar field under the general coordinate transformations
As a result, equation (7) can be rewritten as
where we used the fact that the δ d φ transformations can be compensated for by the corresponding transformations of the metric (provided the theory is diffeomorphism invariant). It is clear that Weyl invariance implies conformal invariance, but not the other way around, since ∇f is not an arbitrary function of coordinates.
Examples
Let us present another way to understand why Weyl invariance necessarily implies conformal invariance in flat space-time. The corresponding conformal Killing equations now read
with η µν = diag (1, −1, . . .), the Minkowski metric, and ε µ being the flat space-time analog of f µ . This set of equations has the following (n + 1)(n + 2)/2 parametric solution for n = 2
Here a µ , ω µν = −ω νµ , c and b µ are constants corresponding to translations, Lorentz transformations, dilatations and special conformal transformations (SCT) respectively. In two dimensions, ε µ is given by an arbitrary generalized harmonic function.
1
The standard procedure allows one to build the energy-momentum tensor
which is automatically traceless on the equations of motion, see (10) . As a result, all currents of the form j µ = Θ µν ε ν , with ε µ given in (15), are conserved. Conversely, if a theory is conformally invariant, then according to [1, 2] , it is possible to write all currents corresponding to the conformal group in the following way
where T µν is the energy-momentum tensor (not necessarily traceless), K µ is a vector and L µν is a rank-two tensor such that
These conditions allow to construct the improved (traceless) energy momentum tensor Θ µν . However, it is not guaranteed that the theory can be made Weyl invariant. In what follows, we will consider several examples of conformally invariant theories which cannot be made Weyl invariant when coupled to gravity. We should mention though, that we will not consider theories with non-linearly realized space-time symmetries, like in the case of galileons [3] . There, the reason that the conformal invariance of a certain action for the galileon does not imply Weyl invariance, is associated with the fact that this action is actually a Wess-Zumino term, see also [4] . 1 An example of the integrated version of the equation (6) is the transformation of a scalar field under the SCT which is given by
2.1
For the purposes of illustration, it is instructive to begin by considering the Lagrangian of a free massless field in a one-dimensional spacetime
If the scaling dimension of φ is ∆ = −1/2, then the theory is invariant under the onedimensional conformal group
where
with a, b and c, constants. The conserved currents associated with translations, dilatations and special conformal transformations can be written according to (18) as
Clearly, this theory cannot be made Weyl invariant, for there are no geometric structures in n = 1 one could use to account for the non-invariance ofφ 2 .
2
Let us now consider the theory given by the following Lagrangian
with = η µν ∂ µ ∂ ν the D'Alembertian. Using the flat space-time analog of formula (6) with ∆ = n/2 − 2, it is straightforward to check that in n = 2, the variation of this Lagrangian is given by a total derivative
In this case, using the following definitions
it is straightforward to check that the relations presented in (20) are satisfied. Therefore, the system is indeed conformally invariant for n = 2. In order to couple the theory (25) to gravity in a Weyl invariant fashion, we write down the most general action with four derivatives and demand that it be invariant under Weyl rescalings.
3 As a result, we get (neglecting a term proportional to Weyl tensor squared)
with
being the Paneitz operator [6] , which is the Weyl covariant generalization of 2 . 4 We observe that the coefficients in front of the Schouten tensor
diverge when n = 2. At the same time, the Schouten tensor itself vanishes due to the following relation between Ricci curvatures in two dimensions
Therefore, the limit n → 2 has to be examined separately. The most general anzatz for the operator Q(g) in two dimensions has the following form
with c 1 , c 2 and c 3 constants. A straightforward calculation shows the Weyl variation of ∇ 4 will produce terms that cannot be cancelled by the variation of R-dependent terms, for example (∇ µ ∇ ν σ) ∇ µ ∇ ν . Therefore, for n = 2 there is no Weyl covariant generalization of the fourth-order differential operator. Hence, in this case, the system (25) cannot be coupled to gravity in a Weyl invariant way, although this does not come as a surprise, for as it is clear from (27), the condition (19) is not satisfied. One can say that the system at hand in a two dimensional space-time, is only invariant under global conformal transformations, which correspond to the six dimensional sub-algebra of the Virasoro algebra.
3
The fact that it is impossible to construct a Weyl invariant action for the system (25) in two dimensions, is a particular case of a more general result [9] [10] [11] , see also [12] . This states that for even number of dimensions, there exist Weyl invariant generalizations of k only for k ≤ n 2
. Therefore, considering a theory with six derivatives in a four dimensional space-time
one is sure that it cannot be made Weyl invariant. This can be immediately seen by inspecting the Weyl covariant analog of the operator (33). 5 It contains terms proportional to 1 (n − 2)(n − 4)
thus it does not exist in n = 2 and n = 4 dimensions for a non-zero Bach tensor B µν
with W µρνσ being the Weyl tensor. However, straightforward computations reveal -taking into account that the scaling dimension of the field in this case is equal to ∆ = n/2 − 3 -that the conformal variation of the Lagrangian (33) is also a total derivative
Moreover, one can build the energy-momentum tensor
as well as the operators
and
The above satisfy (20) for arbitrary values of the constant α, therefore, the theory is conformal in flat space-time. Notice, though, that for L µν to be symmetric, we have to set α = −n/4.
Curved space-time
In order to further expose the difference between the concepts of Weyl and conformal symmetries we consider the curved space-time counterpart of 3 . It is obvious that the sixth-order Weyl covariant operator for n = 2 and n = 4 is also conformally invariant for an arbitrary metric. It may happen though that there are no conformal Killings for a specific background to start with. To guarantee that the conformal group is not empty, we stick to Einstein manifolds only, for which
It is easy to check that the Bach tensor (35) in this case vanishes identically. 6 Therefore, the dangerous terms (34) disappear, thus the limit n → 4 of the conformally invariant curved space analog of 3 , can be safely considered. In doing so, one obtains a conformally invariant operator with leading term ∇ 6 . To illustrate the procedure in more detail, we consider the Paneitz operator, which for Einstein manifolds becomes regular at n = 2. It is straightforward to check using the relation
following from the conformal Killing equations for n = 2, that the corresponding action
6 To make this point clear, we proceed as follows. For Einstein manifolds, the Schouten tensor (30) becomes
Rg µν .
Upon plugging the above into the definition of the Bach tensor (35) and recalling that the Weyl tensor is traceless in all of its indices, we find that
which is zero for all n. This follows trivially from the (contracted) Bianchi identities, which yield that the scalar curvature R is constant (for n = 2).
is invariant under the (n = 2) conformal transformations, as it should. The limit n → 2 in turn is regular
and is invariant under global conformal transformations. The reason it is not invariant under the full conformal group is that the relation (40) does not follow automatically for two dimensional theories. Rather, it has to be imposed by hand, reducing the conformal group to its subgroup of global transformations. Clearly this is a peculiarity of two dimensions.
Generalization
The examples we considered clearly show that not any conformally invariant (both in flat and curved space-time) theory can be made Weyl invariant. In fact, there is a whole class of theories not allowing Weyl invariant generalizations. Indeed, as it was mentioned before, according to [9] [10] [11] , the Weyl covariant analogs of k exist unless the number of space-time dimensions n is even and less than k/2. The impossibility to construct the corresponding operators in even number of dimensions manifests itself through the presence of terms singular at n = 2, 4, 6, . . . However, it seems plausible that similar to the situation described in the previous section those terms vanish (or at least become regular) once the geometry is restricted to that of Einstein spaces. As a result, the corresponding limit n → 4, 6, . . . exists and is invariant under conformal transformations (or only global conformal transformations for n → 2).
Since flat spaces are a particular case of Einstein ones, according to the above argument, the theories whose dynamics is described by the Lagrangian in flat space-time
are conformal (for n = 2). We can convince ourselves that this is the case by considering the variation of the Lagrangian with respect to conformal transformations. For k = 2m and k = 2m + 1, the Lagrangian can be rewritten as
while the variations are respectively given by 
At the same time, according to [11] , the Lagrangian (43) cannot be made Weyl invariant in an even number of dimensions if n < 2k. Similarly, it can be proven that for manifolds with vanishing Ricci tensor, the theories given by the Lagrangian
are also conformally invariant.
